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a b s t r a c t
In a triangle-free graph, the neighbourhood of every vertex is an independent set. We
investigate the class S of triangle-free graphs where the neighbourhoods of vertices are
maximum independent sets. Such a graph G must be regular of degree d = α(G) and the
fractional chromatic number must satisfy χf (G) = |G|/α(G). We indicate that S is a rich
family of graphs by determining the rational numbers c for which there is a graph G ∈ S
with χf (G) = c except for a small gap, where we cannot prove the full statement. The
statements for c ≥ 3 are obtained by using, modifying, and re-analysing constructions of
Sidorenko, Mycielski, and Bauer, van den Heuvel and Schmeichel, while the case c < 3
is settled by a recent result of Brandt and Thomassé. We will also investigate the relation
between other parameters of certain graphs in S like chromatic number and toughness.
© 2009 Published by Elsevier B.V.
1. Introduction
If there is an edge in the neighbourhood of a vertex, this gives rise to a triangle together with this vertex. So for triangle-
free graphs, the neighbourhood of every vertex is an independent set. Here we investigate the class S of triangle-free graphs
that have the stronger property that the neighbourhood of every vertex is amaximum independent set (theremay be further
maximum independent sets that are not neighbourhoods of vertices). A graph is maximal triangle-free (or K3-saturated) if
adding an edge between any pair of non-adjacent vertices creates a triangle. It is easy to see that a triangle-free graph
is maximal triangle-free if and only if its diameter is at most 2. Here is another characterisation: A graph G is maximal
triangle-free if and only if the neighbourhood of every vertex is a maximal independent set of G. From this observation it
immediately follows that the graphs in S must be maximal triangle-free. Moreover they must be regular of degree d = α,
where α denotes the independence number of the graph.
We investigate fractional invariants with respect to two different matrices associated with a graph G: the adjacency
matrix A, and the vertex-independent set incidence matrix B whose rows correspond to the vertices and whose columns
correspond to the independent sets of G. For any undefined terminology and notation the reader is referred to the standard
graph theory textbooks of Diestel [11] and West [24].
A fractional colouring of a graph G is an assignment of non-negative real weights to the independent sets such that the
sum over the weights of the independent sets containing v is at least 1 for every vertex v ∈ V (G). The fractional chromatic
number χf (G) is the minimal weight sum of a fractional colouring, or, in other words, the value
χf (G) = min{1Tx | x ≥ 0, Bx ≥ 1}. (1)
Note that the chromatic number is the optimal solution of the corresponding integer program, where the entries of x are
positive integers. Moreover, considering all summands in the calculation of Bx separately we get, by double counting, that
α(G)χf (G) ≥ n, where n is the order G. Altogether this gives that
χ(G) ≥ χf (G) ≥ n/α(G). (2)
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A total dominating set is a subset S ⊆ V (G) such that every vertex of V (G) has a neighbour in S (this is also required for
the vertices in S). The total domination number is the minimal cardinality of a total dominating set. If we replace the matrix
B in the previous problem by the adjacency matrix A then the fractional chromatic number turns into the fractional total
domination number
df (G) = min{1Tx | x ≥ 0, Ax ≥ 1}. (3)
The dual linear program
Df (G) = max{1Ty | y ≥ 0, Ay ≤ 1}, (4)
(note thatA is symmetric) having the samevalue, is usually referred to as the fractional openneighbourhoodpacking number
(see [22]).We look at the parameter df (G) from a different point of view: as the fractional variant of the inverse of the degree
ratio. Note that for every graph G of order n
n/δ(G) ≥ df (G) = Df (G) ≥ n/∆(G) (5)
which holds with equality for regular graphs.
Let us consider a graph G ∈ S. Since G is triangle-free, the adjacencymatrix A is a submatrix of B. Therefore every solution
to the linear program (3) gives rise to a solution of (1). So we get
n/δ(G) ≥ df (G) ≥ χf (G) ≥ n/α(G). (6)
Since G ∈ S is regular of degree d = α(G) the sequence of inequalities holds with equality. The statement χf (G) = n/α(G)
holds for every vertex transitive graph G [22, Proposition 3.1.1]. Anyway, as we will see, there are many graphs in S which
are not vertex transitive. Finally, using this equality we immediately get another inequality that will be helpful in the course
of the paper. Let H be a subgraph of a graph G ∈ S. Then
|H|
α(H)
≤ χf (H) ≤ χf (G) = |G|
α(G)
. (7)
For more information concerning triangle-free graphs and fractional invariants, see [5].
2. Main results
Let us now investigate which fractional chromatic numbers c can be attained by graphs in S. We can completely answer
this question with the exception of a small gap between 4 < c < 30/7, where we only have a partial answer. The answer is
different for the case c < 3 and c ≥ 3.
Theorem 2.1. Let c be the fractional chromatic number of a graph in G ∈ S. If c < 3 then c = 3i−1i for an integer i ≥ 1. For
c ≥ 3 there exist graphs with χf = c for every rational number c ≤ 4, for every rational number c ≥ 30/7, and for a dense
subset of the rationals with c ∈ (4, 307 ).
The gap between 4 and 30/7 seems to be of technical nature, and we strongly believe that there are graphs in S for every
rational c ≥ 3.
As a first application, we answer a conjecture of Bauer, van den Heuvel, and Schmeichel [3] in a much stronger form. The
concept of toughness was introduced by Chvátal [10]. Let c(G) denote the number of components of G. For a non-complete
graph G the toughness of G is defined as
τ(G) := min
S
|S|
c(G− S) ,
where S is ranging over all separating vertex sets of G, i.e. those sets with c(G − S) > 1. Taking S = V \ U , where U is a
maximum independent set ofGweget anupper bound for the toughness in termsof the ordern and independencenumberα,
τ(G) ≤ |S|
c(G− S) ≤
n
α
− 1. (8)
Bauer et al. [3] refuted a conjecture of Chvátal [10], saying that there is a constant t such that every graphwith toughness
at least t contains a triangle, by estimating the toughness of so-called layered graphs (see below). Subsequently, Alon [2]
proved that there are graphs with arbitrarily large girth and toughness by means of expanding graphs.
A natural upper bound for the toughness of a triangle-free graph of order n is
τ(G) ≤ n
δ(G)
− 1, (9)
in view of (8) and α(G) ≥ ∆(G) ≥ δ(G). Bauer et al. [3] conjectured that there are not only triangle-free graphs with
arbitrarily large toughness, but also triangle-free graphs with arbitrarily large toughness satisfying (9) with equality. This
is in fact true, which was observed by Brouwer [9]. Anyway, we can prove a much stronger statement than the original
conjecture, based on the constructions above.
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Theorem 2.2. For every rational number t ≥ 23/7 there is a triangle-free graph G ∈ S with toughness
τ(G) = t = |G|
δ(G)
− 1.
A problem asked in the early days of graph theory was whether there are triangle-free graphs with arbitrarily large
chromatic number. Today it is even known that there are graphs which have arbitrarily large girth and chromatic number
at the same time. This was first proven by Erdős [12] in 1959. Here we will show that there are triangle-free graphs with an
arbitrarily large chromatic number, satisfying both (2) and (9) with equality.
Theorem 2.3. For every integer i ≥ 2 there is a triangle-free graph G with
i = χ(G) = χf (G) = n/α(G) = τ(G)+ 1. 
3. Proofs
A number of special constructions of graphs in S will be central in the proofs.
3.1. Sidorenko graphs
A rich family of graphs in S was introduced by Sidorenko [21]. The Sidorenko graph Sn,k is the Cayley graph over the
cyclic group Zn with respect to the generators T = {±k,±(k+ 1), . . . ,±(2k− 1)}. In other words, we number the vertices
by 0, . . . , n − 1 and join two vertices v,w by an edge, if and only if |v − w| is congruent to a number in T modulo n. If
n ≥ 6k − 2 then Sn,k is a triangle-free 2k-regular graph. Sidorenko [21] proved that for n ≤ 8k − 3 the graph Sn,k has
independence number 2k, equal to the degree.
Theorem 3.1 (Sidorenko [21]). If 6k− 2 ≤ n ≤ 8k− 3 then Sn,k ∈ S.
Sidorenko introduced these graphs in order to show that for every order n 6= 1, 3, 7, 9 there is a graph in S of order n,
answering a question of Erdős [13]. The cases 4 ≤ n ≤ 5, 10 ≤ n ≤ 13, and n ≥ 16 are covered by Sidorenko graphs.
An interesting aspect that we will need in the sequel is the following:
Lemma 3.2. For every rational number c with 3 ≤ c < 4 there is a Sidorenko graph G ∈ S with χf (G) = c.
Proof. For 3 ≤ c = b/a < 4 where a and b are positive integers choose k = 2a and n = 4b. Since 3a ≤ b ≤ 4a− 1 we get
6k = 12a ≤ n ≤ 16a− 4 = 8k− 4 and hence Sn,k is a graph in S with χf (Sn,k) = c , since (6) holds with equality. 
3.2. Vertex multiplication and lexicographic products
We say that a vertex v of a graph G is multiplied k times, if we add k − 1 new vertices to the graph and join each of the
new vertices exactly to the neighbours of v. In other words, we replace v by an independent set of k vertices joined to the
neighbours of v. Note that after a sequence of multiplications of vertices from the original graph, the result is independent
of the order in which the multiplications were applied. Moreover, it is easy to see that the fractional chromatic number is
unchanged by vertex multiplications.
The lexicographic product of a graph G1 with a graph G2 is the graph G1[G2] on the vertex set V (G1) × V (G2), where
the vertices (v1, v2) and (w1, w2) are adjacent, if and only if v1w2 ∈ E(G1) or v1 = w1 and v2w2 ∈ E(G2). So, in general
G1[G2] 6= G2[G1]. We will only use the lexicographic product, with G2 = K s, the edgeless graph of order s. Note that this is
just the graph obtained from G1 by multiplying each vertex s times.
3.3. Regularized Mycielski construction
The fractional chromatic number achievable by the Sidorenko construction is bounded by 4 from above. The next two
constructions admit to generate infinite sequences of graphs in S where this number tends to infinity. First we present
a construction based on the Mycielski construction for triangle-free graphs with arbitrarily large chromatic number. The
approach is to apply the Mycielski construction once to a graph in S and turn the result into a regular graph by vertex
multiplications. Fortunately, the resulting graph turns out to be again in S.
The Mycielski construction works as follows: Take a graph G. For every ‘old’ vertex v of G take a ‘new’ vertex v′ and
join it to every neighbour of v in G. Add an ‘infinite’ vertex and join it to every new vertex. The resulting graph G′ satisfies
χ(G′) = χ(G)+ 1 and it remains triangle-free if Gwas triangle-free. However, G′ is not regular in general.
Sincewewant to have a regular graphwe introduce the following variant: Given a regular graphG of degree dwith vertex
set V (G) = {v1, v2, . . . , vn} we construct a new graph M(G) whose vertex set is the disjoint union of three sets X ∪ Y ∪ Z
where X = {xi | 1 ≤ i ≤ d2}, Y = {yi,j | 1 ≤ i ≤ d, 1 ≤ j ≤ n}, Z = {zi,j | 1 ≤ i ≤ n − d, 1 ≤ j ≤ n}. Its edge set is
E(M(G)) = EXY ∪ EYZ ∪ EZ where EXY = {xy | x ∈ X, y ∈ Y }, EYZ = {yi,jzi′,j′ | vjvj′ ∈ E(G)}, and EZ = {zi,jzi′,j′ | vjvj′ ∈ E(G)}.
In other words, we multiply every old vertex of the Mycielski graph n− d times (Z), every new vertex d times (Y ), and the
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Fig. 1. The graphM(C5). The numbers indicate the number of times the vertex is multiplied.
infinite vertex d2 times (X). The resulting graph is regular with order n2+d2 and degree dn. The graphM(C5), obtained from
the Grötzsch graph by vertex multiplications, was found by Häggkvist [15] and is presented in the Fig. 1.
We can easily prove that the graphM(G) is in S whenever G ∈ S.
Lemma 3.3. Let G be a regular triangle-free graph. Then M(G) ∈ S if and only if G ∈ S.
Proof. Let G be a d-regular graph of order n. Observe that the subgraph ofM(G) induced by Z is isomorphic to G[K n−d]. So
its independence number equals (n− d)α(G). If G 6∈ S then α(G) > d and taking X and a maximum independent set from
Z is an independent set of cardinality larger than δ(M(G)) = dn.
So assume that G ∈ S andM(G) 6∈ S. Obviously, a maximum independent set A cannot contain a vertex of X since then
it contains no vertex of Y and |X | + α(Z) = d2 + (n − d)d = δ(M(G)). Let JY and JZ be the sets of indices j such that A
contains a vertex yi,j (zi,j, respectively). If JY ⊆ JZ then |A| ≤ d2+ d(n− d) = δ(M(G)), so we may assume that J0 = JY \ JZ is
non-empty. Let J ′0 be the index set of a maximum independent set of the subgraph ZJ0 induced by the vertices zi,j, j ∈ J0, of
Z and set J ′ = J ′0 ∪ JZ . Consider the subgraph spanned by YJ ′ ∪ ZJ ′ . This graph is edgeless. We have
|A| − |YJ ′ ∪ ZJ ′ | ≤ |YJ0 | − |YJ ′0 | − |ZJ ′0 | = d|J0| − n|J ′0|
≤ d|GJ0 | − nα(GJ0),
where GJ0 is the subgraph of G induced by the vertices with index in J0. From (7) we obtain that α(GJ0)/|GJ0 | ≥ α(G)/|G| =
d/n, hence d|GJ0 | − nα(GJ0) ≤ 0 implying |A| ≤ |YJ ′ ∪ ZJ ′ | ≤ δ(M(G)). 
Larsen, Propp, and Ullman [18] determined the fractional chromatic number of the Mycielski graph in terms of the
fractional chromatic number of the graph. In fact, for every graph G
χf (M(G)) = χf (G)+ 1
χf (G)
.
The analogous problem for df was considered by Fisher, McKenna, and Boyer [14] proving a parallel result. For every
graph G
df (M(G)) = df (G)+ 1df (G) .
Note that, for both parameters, vertex multiplications do not have any impact.
We will make use of the regularized Mycielski construction to extend the range of the fractional chromatic numbers
attained by graphs in S with degree ratio c . Note that in Lemma 3.2 we derived the existence of Sidorenko graphs in S with
fractional chromatic number c , for every rational number c ∈ [3, 4). Below, in Lemma 3.6, we will be able to prove the
existence of a graph in S with fractional chromatic number c for every rational number c ≥ 30/7. This leaves the range
c ∈ (4, 30/7) open, where we cannot prove the full strength of the statement. Using the regularizedMycielski construction,
we will prove the statement for every c belonging to a dense subset of the rational numbers in the interval [4, 30/7].
Lemma 3.4. There is a dense subset T ⊆ [4, 307 ] of rational numbers, such that there is a graph G ∈ S with χf (G) = c for every
c ∈ T .
Proof. Let T1 be the set of rational numbers c ∈ [4, 174 ), satisfying c = (x+ 1x ) for a rational number x. Let T2 be the rational
numbers c ∈ [ 174 , 307 ], satisfying c = y+ 1y for a rational number y ∈ T1. Obviously, T1 ∪ T2 forms a dense subset of [4, 307 ].
For every c ∈ T1 we obtain a graph in S with χf = c by applying the regularized Mycielski construction once to a suitable
Sidorenko graph with degree ratio x, which exists by Lemma 3.2 as 3 < 2+√3 ≤ x < 4. For every c ∈ T2 we obtain such
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a graph by applying the regularized Mycielski construction to a graph in S with degree ratio y ∈ T1, whose existence we
already proved. 
3.4. Layered graphs
The next and most flexible construction is due to Bauer, van den Heuvel, and Schmeichel [3].
Let G be a graph of order n with vertex set V (G) = {u1, . . . , un}. Define a new graph G(`) – the graph G layered ` times
– with vertex set V (G(`)) = {vi,j,k : 1 ≤ i ≤ n, 1 ≤ j ≤ 2, 1 ≤ k ≤ `}. Two vertices vi1,j1,k1 and vi2,j2,k2 are adjacent, if and
only if
(a) j1 = j2, k1 6= k2 and ui1ui2 ∈ E(G), or
(b) j1 6= j2 and k1 = k2.
The subsets Vk consisting of all vertices with third index k are called layers. Notice that every layer spans a complete
balanced bipartite graph Kn,n. It is easy to see that the order of G(`) equals 2`n and the degree equals n + (` − 1)d, if G is
regular of degree d.
Graph layering can be interpreted as a 3-dimensional graph product in the framework of the generalized direct product
due to Šokarovski [23]. In his notation G(`) = GDP(B;G, K2, K`) with respect to the generators B = {(1, 0, 1), (1, 1, 0),
(0, 1, 0), (−1, 1, 0)}. This allows, for example, to calculate the eigenvalues of G(`) from the eigenvalues of G.
Bauer et al. [3] proved that if any graph G ∈ S of order n and degree d is layered ` ≥ 2n− 1 times, then G(`) ∈ S. We will
refine their analysis to show that the conclusion even holds if ` ≥ 1+n/d. This is best possible since whenever ` < 1+n/d
then G(`) cannot be in S.
Theorem 3.5. Suppose that G is a graph in S. If G is layered ` ≥ 1+ n/d times then G(`) ∈ S.
Proof. Suppose that I is a maximum independent set of G(`) and let Ij (1 ≤ j ≤ 2) be the vertices of I of the form vi,j,k. Let
`j be the number of layers with vertices in Ij. Clearly, ` ≥ `1 + `2. We will show that
|Ij| ≤ max{n, `jd},
from which the result directly follows, since n+ (`− 1)d ≥ 2n as ` ≥ 1+ n/d.
Suppose |Ij| > max{n, `jd} and let A, B, and R be the subgraphs of G induced by the vertices corresponding to columns
with more than one, exactly one, and no vertex in Ij, respectively. Note that A consists of independent vertices and there is
no edge joining A to B. Obviously, `j|A| + |B| ≥ |Ij| > n and |B| > `jα(B) since |Ij| > `jd ≥ `j(|A| + α(B)). So we conclude
|A||B| > α(B)(n− |B|)which implies
α(G)
n
≥ |A| + α(B)
n
= |A| + α(B)
(n− |B|)+ |B| >
α(B)
|B| ,
a contradiction to (7). 
This refinement will be the central tool to make our main results work.
As we have seen above, Sidorenko graphs are a sufficiently rich family of graphs to give for every rational number c with
3 ≤ c < 4 a graph in S with fractional chromatic number χf = c. We will use the layered graph construction to extend this
result to real numbers c with c ≥ 307 .
Lemma 3.6. For every rational number c ≥ 307 there is a graph G ∈ S with χf (G) = c.
Proof. We first show that for every rational number c with 285 > c ≥ 307 there is a graph in S with fractional chromatic
number c. If 5 > c ≥ 307 then choose a graph H ∈ S with χf (H) = 4/( 10c − 1). If 285 > c ≥ 5 then choose a graph H ′ ∈ S
with χf (H ′) = 6/( 14c − 1). Such graphs exist by Lemma 3.2. Layering H five times and H ′ seven times, respectively, we
obtain a graph in S with χf = c.
If 6 > c ≥ 285 then choose a graph H ∈ S with χf (H) = 5/( 12c − 1)which exists by the initial reasoning. Layering H six
times results in a graph in S with degree ratio c. In the same way we now proceed by induction on ` ≥ 7. If ` > c ≥ `− 1
then choose a graph H ∈ S with χf (H) = (`− 1)/( 2`c − 1) < 30/7 which exists by induction. Layering H` times results in
a graph in S with χf = c. 
3.5. The dense case
Here we investigate for which c < 3 there is a graph in S with fractional chromatic number c . Denote by Γi, for every
integer i ≥ 1, the graph on vertex set {1, 2, . . . , 3i− 1}where the vertex j has neighbors j+ i, . . . , j+ 2i− 1, these values
taken modulo 3i − 1. This is again a Cayley graph over a cyclic group. It is not difficult to see that S6k−2,k ∼= Γk[K 2] and
S6k−1,k ∼= Γ2k.
Recall that a graph is in S if the neighbourhood of every vertex is a maximum independent set. Pach [19] showed (later
rediscovered by Brouwer [8] with amuch simpler proof), that the graphs obtained from a graph Γi by vertexmultiplications
are exactly those graphs where, conversely, every maximal independent set is the neighbourhood of a vertex.
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The class of Vega graphs was introduced by Brandt and Pisanski in [6]. Another closely related infinite sequence was
added recently by Brandt and Thomassé [7]. The construction in the terminology of [7] is as follows:
For an integer i ≥ 2, start with a graph Γi on vertex set {1, . . . , 3i − 1} and add an edge xy and an induced 6-cycle
(a, v, c, u, b, w) such that x is joined to a, b, c and y is joined to u, v, w. The set of neighbors of a, u in Γi is {1, . . . , i}. The
set of neighbors of b, v in Γi is {i+ 1, . . . , 2i}. The set of neighbors of c, w in Γi is {2i+ 1, . . . , 3i− 1}. This is the Vega graph
on 3i+ 7 vertices, denoted by Υi.
There are two Vega graphs on 3i+ 6 vertices, obtained from Υi by a simple vertex deletion. The first one is Υi − {y}, the
second Υi−{2i} (the latter sequence does not occur in [6]). Finally, Υi−{y, 2i} is the Vega graph on 3i+ 5 vertices. Observe
that the smallest order Vega graph Υ2 − {y, 4} is exactly the Grötzsch graph, the graph depicted in Fig. 1 without vertex
multiplications. Moreover, every Vega graph is 4-chromatic.
It is readily seen (see [6,7]) that every Vega graph can be turned into amaximal triangle-free regular graph Gwith degree
> |G|/3 by vertex multiplications, and it was shown in [4] that such graphs belong to S. The fractional chromatic number,
which is the order divided by the degree of this regular supergraph, has the form (3j − 1)/j where j = 3i + 6 for the first
sequence Υi, j = 3i+ 5 for the next two sequences, and j = 3i+ 4 for the last sequence of Vega graphs.
Brandt and Thomassé [7] proved that themaximal triangle-free graphswithminimumdegree δ > n/3 are obtained from
a graph Γi or from a Vega graph by a sequence of vertex multiplications.
Lemma 3.7. Let G be a graph in S with fractional chromatic number c < 3. Then c = 3i−1i for a positive integer i, and any such
c can be attained.
Proof. Let G ∈ S be a graph with fractional chromatic number χf (G) < 3. Then, since (6) holds with equality, we have
δ(G) = n/χf (G) > n/3. Now G is obtained from a graph Γi or a Vega graph by vertex multiplications. Since vertex
multiplications do not affect the fractional chromatic number, and all the indicated graphs have fractional chromatic number
of the form (3i− 1)/i the proof is complete. 
We are now prepared to complete the proof of Theorem 2.1.
Proof of Theorem 2.1. This follows from Lemmas 3.2, 3.4, 3.6 and 3.7. 
3.6. Toughness and chromatic number
Every triangle-free graph satisfying (9) with equality must belong to S. But conversely, there are many graphs in S that
do not satisfy (9) with equality. E.g. the graphs Γi for i ≥ 2 have smaller toughness, which was computed by Brouwer [8].
Nevertheless, given G ∈ S there is an integer s0 such that the lexicographic product G[K s] satisfies (9) with equality for every
s ≥ s0.
For the proof we need a refinement in the case that equality holds in (7).
Lemma 3.8. If H is an induced subgraph of G ∈ S with |H|/α(H) = χf (G), then every vertex of G has exactly α(H) neighbours
in H.
Proof. By double counting
δ(G)|H| ≤
∑
v∈V (H)
dG(v) ≤ α(H)|G|, (10)
since every vertex in G cannot be adjacent to more than α(H) vertices in H . Thus
|H|/α(H) ≤ |G|/δ(G) = χf (G),
and the second inequality in (10) is strict unless every vertex of G has exactly α(H) neighbours in H . 
Lemma 3.9. If G ∈ S then G[K s] has toughness τ = (n− α(G))/α(G) whenever s > n2/4.
Proof. Let vi, 1 ≤ i ≤ n, be the vertices of G and Vi the corresponding independent sets of G[K s]. Suppose Ss ⊆ V (G[K s]) is
a set with τ(G[K s]) = |Ss|/c(G[K s] − Ss). Then for every vertex vi ∈ V (G) either Vi ⊆ Ss or Vi ∩ Ss = ∅. Indeed, if Vi ∩ Ss 6= ∅
we can remove all vertices of Vi from Ss without decreasing c(G[K s] − Ss).
Set S = {vi | Vi ⊆ Ss} and let A be the set of isolated vertices in G − S. Let B be the remaining vertices forming c
components in G− S. Then τ(G[K s]) = s|S|/(s|A| + c).
Now suppose s > n2/4 ≥ α(n− α) ≥ c(n− α) and
τ(G[K s]) = s|S|s|A| + c <
s(n− α)
sα
= |G[K s]| − α(G[K s])
α(G[K s])
,
so, in particular, B is non-empty. Replacing |S| in the previous inequality by n− |A| − |B| and rearranging terms we obtain
α(n− |B|)− n|A| < c(n− α)/s < 1.
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Therefore n|A| ≥ α(n − |B|) from which we conclude |A|/(n − |B|) ≥ α/n hence A is non-empty. On the other hand
α/n ≥ (α(B)+ |A|)/n thus |A|/(n− |B|) ≥ (α(B)+ |A|)/n, and as in the proof of Theorem 3.5
α
n
≥ α(B)+ |A|
n
= |A| + α(B)
(n− |B|)+ |B| ≥
α(B)
|B| .
By (7) equality holds, and since every vertex from A is not adjacent to any vertex in B, Lemma 3.8 yields the contradiction.

Probably s ≥ n2/4 is a vast overestimation but s ≥ 3 is needed in case of the graphs Γi, i ≥ 2 (Brouwer [8]). Now we are
ready to prove Theorem 2.2.
Proof of Theorem 2.2. First choose a graph in G ∈ S with fractional chromatic number χf (G) = c ≥ 30/7. Such a graph
exists by Lemma 3.6. Taking a sufficiently large integer swe get by Lemma 3.9 that G[K s] has toughness τ(G) = c − 1. 
Define a sequence of graphs (Ψi) by Ψ2 = K2 and Ψi = Ψ (i)i−1 for i ≥ 3. By Theorem 3.5 the graphs from (Ψi) are graphs in
S with order 2i−2i! and degree 2i−2(i− 1)!. The sequence Ψi has the desired properties to prove Theorem 2.3.
Proof of Theorem 2.3. Observe thatΨi has an i-colouring, where the jth colour class Vj consists of the top part of layer j and
the bottom part of layer j+1 (indices takenmodulo i). In fact, taking the lexicographic productΨi[K s], where s is sufficiently
large with respect to i, we can extend the sequence of equalities in view of Lemma 3.9. 
Observe that this means that every i-coloring of G partitions the vertex set of G into sets of the same cardinality. This
property of Ψ4 is used in [4] to prove that for every ε > 0 it is NP -hard to determine the independence number even
within the family of triangle-free graphs with minimum degree at least (1− ε)n/4.
4. Final remarks
Certainly, the gap in Theorem 2.1 in the range 4 < c < 30/7 seems to be mainly a technical problem, and there should
be a further construction that provides graphs with the missing fractional chromatic numbers.
Another problem is how sparse the graphs inS can be. Iterating the regularizedMycielski construction and layered graphs
we get graphs in S with degree o(n), but not with degree O(n1−ε) for any ε > 0. Another construction of Erdős shows that
there are graphs in S with degree O(n1−ε)with ε = 53 − ln 3ln 2 > 0.08.
For every integer k ≥ 0 define a sequence (Rk) of graphs whose vertex set are the {0, 1}-vectors of length 3k + 1, or, in
other words, the points of the 3k+1-dimensional cube. Let two vertices be adjacent if and only if the corresponding vectors
differ inmore than 2k coordinates, i.e. if the Hamming distance exceeds 2k. So R0 is K2 and R1 is the Clebsch graph. The graph
Rk has order n = 23k+1 and is regular of degree
k∑
i=0
(
3k+ 1
i
)
= Θ(nc)
with c = ln 3ln 2 − 23 using Stirling’s formula. It is triangle-free, since for any three vectors each coordinate can only be different
for two of the three pairs of vectors, so one of the three pairs has Hamming distance at most 2(3k + 1)/3 < 2k + 1. The
neighbourhood of a vertex v are the vectors having Hamming distance atmost k to the vector v obtained from v by changing
every entry. Kleitman [17], answering a conjecture of Erdős, proved in 1966, in hypergraph terminology, that this is a subset
of maximal size with the property that any two vertices have Hamming distance at most 2k. Hence an independent set of
Rk has cardinality at most as large as the neighbourhood of a vertex. So the graph Rk ∈ S for every k.
A result of Ajtai, Komlós and Szemerédi [1] shows that a triangle-free graph has an independent set of cardinality at least
c
√
n log n (see Shearer [20] for a simpler proof with a better constant c) and Kim [16] proved that this is asymptotically
tight. Therefore c
√
n log n is a lower bound for the degree of a graph in S. It would be interesting to knowwhether there are
graphs in S whose degree is that small.
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